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Edge-Based Finite Element Scheme for the Euler Equations
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This paper describes the development, validation, and application of a new finite element scheme for the solu-
tion of the compressible Euler equations on unstructured grids. The implementation of the numerical scheme is
based on an edge-based data structure, as opposed to a more traditional element-based data structure. The use of
this edge-based data structure not only improves the efficiency of the algorithm but also enables a straightfor-
ward implementation of upwind schemes in the context of finite element methods. The algorithm has been tested
and validated on some well-documented configurations. A flow solution about a complete F-18 fighter is shown to
demonstrate the accuracy and robustness of the proposed algorithm,

I. Introduction

IN recent years, significant progress has been made in the devel-
opment of numerical algorithms for the solution of the com-

pressible Euler and Navier-Stokes equations. The use of unstruc-
tured meshes for computational fluid dynamics problems has be-
come widespread due to their ability to discretize arbitrarily
complex geometries and due to the ease of adaptation in enhancing
the solution accuracy and efficiency through the use of adaptive
refinement techniques. However, any unstructured algorithm re-
quires the storage of the mesh connectivity, which implies the in-
crease of computer memory and the use of indirect addressing to
retrieve nearest neighbor information. These requirements, in turn,
mean that any numerical algorithm will run slower on an unstruc-
tured grid than on a structured grid. To reduce indirect addressing,
new edge-based finite element schemes1^ have been recently in-
troduced. In addition, even more sophisticated data structures such
as stars, superedges, and chains were recently developed by Loh-
ner.5 The use of an edge-based data structure has been shown to re-
sult in remarkable computational savings for three-dimensional
problems.

In the last few years, extensive research has been done on up-
wind-type algorithms for the solution of the Euler and Navier-
Stokes equations on unstructured meshes.6"9 A significant advan-
tage of upwind discretization is that it is naturally dissipative, in
contrast with central-difference discretizations, and consequently
does not require any problem-dependent parameters to adjust. So
far, all upwind schemes implemented as either node-centered or
cell-centered discretizations on unstructured meshes have used the
finite volume approach where the control volume must be con-
structed first. In terms of computational efficiency, node-centered
schemes are preferable to their cell-centered counterparts. In the
node-centered approach,6'8 the control volume is typically taken to

be part of the neighboring cells that have a vertex at that node. In
two dimensions, the part of the cells taken is determined by con-
necting the centroid of the cell and the midpoints of the two edges
that share the node. In three-dimensions, the part of the cells taken
is determined by a surface constructed in a similar way. However,
this is somewhat complicated geometrically to do in three dimen-
sions. The switching from an element-based to an edge-based data
structure renders the implementation of upwind schemes trivial
and straightforward in the context of the finite element approach;
this is especially attractive for three-dimensional application, since
there is no need to construct control volumes explicitly and geo-
metrically.

The authors have recently developed some high-accuracy
schemes for the solution of the Euler and Navier-Stokes equations
on unstructured grids by using an edge-based data structure.1 This
paper describes the development, validation, and application of an
upwind finite element algorithm to the simulation of three-dimen-
sional compressible flows around complex aerodynamic configu-
rations. In this scheme, the spatial discretization is accomplished
by an edge-based finite element formulation using Roe's flux-dif-
ference splitting. A MUSCL approach is used to achieve higher
order accuracy. Solutions are advanced in time by a multistage
Runge-Kutta time-stepping scheme. Convergence is accelerated
using local time stepping and implicit residual smoothing. The al-
gorithm has been tested and validated on some well-documented
configurations. A solution of the flow around a complete F-18
fighter is presented to demonstrate the accuracy and robustness of
the proposed algorithm.

II. Governing Equations
The Euler equations governing unsteady compressible inviscid

flows can be expressed in the conservative form as
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where the summation convention has been employed and

U =

(1)

p e -

(2)
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where p, p, and e denote the density, pressure, and specific total
energy, respectively, and HJ\ j = 1,2,3 is the velocity of the flow in
the coordinate direction xf, j = 1,2,3 of a cartesian coordinate sys-
tem. This set of equations is completed by the addition of the equa-
tion of state

(3)

where M denotes the finite element consistent mass matrix. For
steady-state computations, M can be replaced by the lumped (diag-
onal) mass matrix, denoted by ML.

IV. Edge-Based Upwind Finite Element Scheme
It is shown in the Appendix that, for any interior node, Eq. (7)

can be written as

which is valid for perfect gas, where y is the ratio of the specific
heats.

In the sequel, we assume that Q, is the flow domain, F its bound-
ary, and HJ the unit outward normal vector to the boundary.

III. Variational Formulation and Finite
Element Approximation

Let 3" be a trial function space and IS a weighting function space,
both defined to consist of all suitably smooth functions. An equiv-
alent variational formulation of Eq. (1) is given by

find U e 3" such that

fir'JQ9r ,w dr = o (4)

(9)

where m, is the number of edges connected to the node /, and

_

4 a*, (10)

in three dimensions. The coefficient Cu denotes the weight applied
to the average value of the flux on the edge that connects nodes /
and /, to obtain the contribution made by the edge to node /,
whereas C// denotes the weight applied to the same quantity to ob-
tain the contribution made by the edge to node /. It can be easily
verified that these weights possess the properties, for all /,

Assuming Q,h is a classical triangulation of Q with the nodes num-
bered from 1 to n and F^ the boundary of Qh, we approximate the
trial and weighting spaces 5 and IS by their subspaces of finite di-
mension 3h andlS/p which, respectively, are defined by

(5)

5h = \Uh (x, t) | Uh (x, 0 = 2, #, (0 #, (*)
/= 1

"»*=

and for all / and /,

(U)

(12)

For notational convenience, we define the vector CfJ by the ex-
pression

where Nf is the standard linear finite element shape function asso-
ciated with node /, Uj is the value at node /, and a/ is a constant.
The Galerkin finite element approximation is then given by

find Uh e <3h such that for each Nj(l<I<n)

(13)

(6)
The integrals appearing here are evaluated in the standard finite el-
ement form by summing individual element and boundary surface
contributions; the compact support of the shape function Nf means
that the equation can be written as

i^-7da,-y f F7'(
3*, * ^Jrfc / (7)

bel

where the summation extends over those elements e and boundary
surfaces b that contain node /. Inserting the assumed form for Uh in
Eq. (7), the left-hand side integral can be evaluated exactly to give

X-< r ^Uh -̂̂  / f A df/r

x — -NrdQ, , = > I N j N r d Q , ——-^)a 3r 7 * ^Uo. 7 J V dr
(8)

and let Lu denote the modulus and ku denote a unit vector in the
direction of C//; then Eq. (9) can be written as

M,

where
(15)

(16)

The alternative procedure for obtaining the discrete form of the
equations is now apparent. Whereas the element-based data struc-
ture gathers information from all of the nodes of each element, op-
erates on the element, and then scatters it back to the nodes of the
element, the edge-based algorithm gathers information from all of
the nodes of each edge, operates it on the edge, and then scatters it
back to the nodes of the edge. The property of conservation in the
numerical scheme is guaranteed by the asymmetry of edge coeffi-
cients as expressed in Eq. (11). This edge-based data structure not
only improves the efficiency of the algorithm,1 but also enables a
straightforward implementation of upwind schemes in the context
of finite element methods. It is clear that Eq. (14) is nothing but a
classic Galerkin finite element scheme, which is equivalent to a
central-difference-type scheme. By using the results of Eq. (12),
this scheme allows for the appearance of checkerboarding modes
and thus suffers from numerical instabilities unless some type of



numerical dissipation in the form of artificial viscosity is intro-
duced. A stable scheme can be constructed, for example, using
Roe's flux difference splitting,10 to replace the actual flux function
FJJ in Eq. (14) by Roe's numerical flux formula 3//

where At/ = Uj — UI and

with
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where

F] = F ( U + j ) , F- = F ( U J ) (23)

(17) The upwind-biased interpolations for £//+ and UJ are defined by

AF5 (18)

AFi -

\u^

(19)

1
ul ±klc
U2 ± k2c
U3±k3c

h±qkc ^

(20)

where q2 = ul + u\ + u2 , Aqk - Auik^ + Aw2^2 + Aw3&3, and qk =
u\ki + U2k2 + u3k3. The bar designates Roe-averaged quantities,
which are defined by ,

P =

h = (hj + hjjpj/pj) / (1 + ̂ P//P/)

with ul, U2, and w3 defined in the same way as h and

c =

Furthermore, the eigenvalues of A are hi = qk and X4; 5 = qk ± c.
To prevent entropy violation, an entropy fix is imposed. When

an eigenvalue A, reduces to zero, a smoothed value |̂ | is defined
to replace |̂ |.

+ 8

28

if |A] > 8

if
(21)

where 8 = Kmax(kj - X/, 0). K is a small constant.
It can be shown that this scheme is equivalent to the first-order

finite volume upwind cell-vertex scheme based on a dual mesh.
There are many different ways to achieve higher order accuracy. In
the present study, a scheme of higher order accuracy is achieved
by using upwind-biased interpolations of the solution U via the
MUSCL approach.11 This leads to the flux function

(22)

(25)

where the forward and backward difference operators are given by

(26)

(27)=UJ+l-Uj=2(VU)j- l I J - ( U j - U j }

where 1IJ = xJ-xI is the length vector of this edge.
The parameter k can be chosen to control a family of difference

schemes in the interpolation. On structured meshes it is easy to
show that k = —I yields a fully upwind scheme, k = 0 yields a semi-
upwind approximation (Fromm's scheme), and k = I yields central
differencing. The value k = 1/3 leads to a third-order-accurate up-
wind-biased scheme, although third-order accuracy is strictly cor-
rect only for one-dimensional linear problems. Nevertheless, k =
1/3 was used in the calculations presented herein. With higher
order spatial accuracy, spurious oscillations in the vicinity of
shock waves are expected to occur. Some form of limiting is usu-
ally required to eliminate these numerical oscillations of the solu-
tion and to provide some kind of monotonicity property. The flux
limiter modifies the upwind-biased interpolation Uj and Uj and the
Eqs. (24) and (25) are replaced, respectively, by

(28)

(29)

where s is the flux limiter. The van Albada limiter employed in
this study acts in a continuously differentiable manner and is de-
fined by

= max 0,
+8

sr = max 0,

(30)

(31)

where 8 is a very small number to prevent division by zero in
smooth regions of the flow. Three options exist concerning the
choice of interpolation variables: conservative variables, primitive
variables, and characteristic variables. Using limiters on character-
istic variables seems to give the best results. However, the primi-
tive variables are used in this study for the sake of computational
efficiency.

The treatment of boundary conditions is very important for
rapid convergence to steady state and serves as nonreflecting
boundary conditions for unsteady computations. On the solid
walls, the slip condition is assumed and the normal velocity van-
ishes. In the farfield, a characteristic analysis based on the one-
dimensional Riemann invariants is used to determine the values of
the flow variables.
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V. Temporal Discretization
Equation (14) represents the time evaluation of the unknown

vector Uj (t) at node / of the grid. Assuming that the nodal values
Uj are known at time tn, the solution is advanced over a time step
A?, to time tn + i by an explicit multistage Runge-Kutta time-step-
ping scheme given by

£/,(0) = U"

P =

u (m)

with the parameters ap assigned appropriate values. The scheme is
second order accurate in time. For steady-state computations, im-
plicit residual smoothing and local time stepping are used to accel-
erate convergence to steady state. The residual smoothing allows
the use of larger Courant-Friedrichs-Lewy (CFL) numbers than the
one dictated by the stability of the original scheme. This is accom-
plished by averaging implicitly the residual with values at neigh-
boring grid points. These implicit equations are solved approxi-
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Fig. la Convergence history.

mately by using several Jacobi iterations. The local time stepping
uses separately a maximum allowable step size for each node ac-
cording to the local stability analysis.

VI. Numerical Results
All of the grids used here were generated by the advancing

front technique.12 All computations used a three-stage Runge-
Kutta time-stepping scheme with local time stepping and implicit
residual smoothing. The computations were started with uniform
flow and advanced with a CFL number of 4. The L2 norm of den-
sity residual is taken as a criterion to test the convergence history.

A. Channel with a Circular Bump on the Lower Wall
The first test case is the well-known Ni's test case. It is a tran-

sonic flow in a channel with a 10% thick circular bump on the bot-
tom. The length of the channel is 3, its height 1, and its width 0.5.
The inlet Mach number is 0.675. This is a three-dimensional simu-
lation of a two-dimensional flow. This simple test case is chosen to
assess both accuracy and convergence of the numerical scheme
and to validate the implementation of the code. The mesh, which
contains 13,891 grid points, 68,097 elements, and 4442 boundary
points, is depicted in Fig. Ib. The convergence history is shown in
Fig. la, where a monotone convergence to computer machine zero
is observed. Figure Ic displays the computed pressure contours in
the flowfield. The Mach number distribution on the lower wall,
shown in Fig. Id, indicates that there is only one grid point within
the shock structure; this demonstrates the sharp shock-capturing
ability of Roe's approximate Riemann solver for the solution of
steady problems.

Fig. Ic Computed pressure contours.
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Fig. Ib Surface mesh for the channel.
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Fig. 2a Surface mesh for the wing/pylon/store.

Fig. 2b Computed pressure contours on the upper surface at Af*, =
0.95 and a = 0 deg.

Fig. 2c Computed pressure contours on the lower surface at
0.95 and a = 0 deg.

B. Wing/Pylon/Finned-Store Configuration
The second test case is conducted for a wing/pylon/finned-store

configuration reported in Ref. 13. The configuration consists of a
clipped delta wing with a 45-deg sweep comprised from a constant
NACA 64010 symmetric airfoil section. The wing has a root chord
of 15 in., a semispan of 13 in., and a taper ratio of 0.134. The pylon
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Fig. 2d Comparisons between computed and experimental surface
pressure coefficient for wing section at 36% semispan.
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Fig. 2e Comparisons between computed and experimental surface
pressure coefficient for wing section at 59% semispan.

is located at the midspan station and has a cross-section character-
ized by a flat plate closed at the leading and trailing edges by a
symmetrical ogive shape. The width of the pylon is 0.294 in. The
four fins on the store are defined by a constant NACA 0008 airfoil
section with a leading-edge sweep of 45 deg and a truncated tip.
The mesh used in the computation is shown in Fig. 2a. It contains
274,953 grid points, 1,518,770 elements, and 33,046 boundary
points. The flow solutions are presented at a Mach number of 0.95
and an angle of attack of 0 deg. Figures 2b and 2c show the pres-
sure contours on the upper and lower wing surface, respectively.
The computed pressure coefficient distributions are compared with
experimental data at two spanwise stations in Figs. 2d and 2e. The
comparison with experimental data is excellent on both the upper
and lower surface up to 70% chord. As expected from the Euler so-
lution, the computation predicts a shock location that is down-
stream of that measured by the experiment due to the lack of vis-
cous effect.
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Fig. 3a Upper and lower surface meshes for M6 wing.
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Fig. 3c Comparison between computed and experimental surface
pressure coefficient for wing section at 20% semispan.
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Fig. 3b Computed pressure contours on the upper and lower surface
at M^ = 0.84 and a = 3.06 deg.

Fig. 3d Comparison between computed and experimental surface
pressure coefficient for wing section at 44% semispan.

C. ONERA M6 Wing Configuration
The third, well-documented case is the transonic flow over the

ONERA M6 wing configuration. The M6 wing has a leading-edge
sweep angle of 30 deg, an aspect of 3.8, and a taper ratio of 0.562.
The airfoil section of the wing is the ONERA "D" airfoil, which is
a 10% maximum thickness-to-chord ratio conventional section.
The flow solutions are presented at a Mach number of 0.84 and an
angle of attack of 3.06. The grid adaption scheme was used for this
test case.

The final adapted mesh contains 133,206 grid points, 738,669
elements, and 17,155 boundary points after two levels of refine-
ment. The refinement of high gradient regions such as shocks,
leading edge, and wing tip is well captured. The final adapted
upper and lower surface meshes are shown in Fig. 3a. The pressure
contours on the upper wing surface and lower surface are dis-
played in Fig. 3b. The upper surface contours clearly show the
sharply captured lambda-type shock structure formed by the two
inboard shock waves, which merge together near 80% semispan to
form the single strong shock wave in the outboard region of the
wing. The computed pressure coefficient distributions are com-
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Fig. 3e Comparison between computed and experimental surface
pressure coefficient for wing section at 65% semispan.
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Fig. 4a Convergence history for the F-18 fighter.
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Fig. 3f Comparison between computed and experimental surface
pressure coefficient for wing section at 90% semispan.

pared with experimental data14 at four spanwise stations in Figs.
3c-3f. The results obtained compare closely with experimental
data, except at the root stations, due to lack of viscous effects.

D. F-18 Fighter Configuration
The final case is a complete F-18 fighter configuration, which

includes the wing, horizontal and vertical tails, and flow-through
engine ducts. The mesh, which contains 93,642 grid points,
505,087 elements, and 15,421 boundary points for the half-span
airplane, is shown in Fig. 4b. The computations were performed at
a freestream Mach number of 0.9 and an angle of attack of 3 deg.
The convergence history is depicted in Fig. 4a. The solution is
converged to engineering accuracy (a decrease of four orders-of-
magnitude in the L2 norm of the density residual) in 1300 time
steps. It required a total of 10 CPU h on a single processor Cray 2.
The computed pressure contours on the surface of the airplane are
shown in Fig. 3c. Some of the features occurring in this flow re-
gime, such as the canopy and wing shocks, are well captured.

Fig. 4b Surface mesh of triangles for the F-18 fighter.

Fig. 4c Computed pressure contours on the F-18 fighter at M^ = 0.9
and a = 3 deg.

VII. Conclusions
An edge-based upwind finite element scheme has been devel-

oped for the solutions of the compressible Euler equations on un-
structured grids. The numerical scheme has been tested and vali-
dated on some well-documented configurations. An example
application is presented for a complete F-18 fighter configuration



to demonstrate the accuracy and robustness of the proposed algo-
rithm.

Appendix
In this appendix, the evaluation of inviscid fluxes using an edge-

based data structure is derived:
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Then the following expression is obtained:

RHS (I) = -

1190

(A6)

f i Ol\ r f ;
RHS ( / ) .= -! FJ jr-l dQ.h + I F'rijNj

- f (rcnode - 2) F/N7 -^ dQA

+ f (wnode - 2) F/N, ̂  dQ,
Jofc 3^;-

(Al)

where wnode is the number of nodes on an element, and the last
two integrals are artificially added to derive the desired formula.
By using Green's formula, we obtain

f FX^dQ, •= if Fjn,NfNr dT, (A2)
Jo, 3xj 2Jrh

 J

Using Eq. (A2), Eq (Al) can be written as

RHS (/) = - f [F7+ (rcnode - 2) FX] gj d^

FJ
njN, J

InjNlNldrk (A3)

For an interior point, the boundary integrals can be dropped and
the right-hand side becomes

f r i i -i °NrRHS (I) = - [_FJ+ (/mode-2)F7X] ̂  • dQ,hJnh dXj

eel '

^e 1 e

eel ej

(A4)

Note that

f W, ——- .
Jo. dJC,.

(A5)

which can be further simplified as

RHS (I) = (A7)

where mt is the number of edges connected to the node /, and

&e 3Nf (A8)

in three dimensions.
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